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Abstract

The transfer of information between dynamical system components is formalized with causality faithfully represented. In a continuous system
with many components, information transfer is a mechanism controlling the marginal entropy evolution of the target component. It is measured
by the rate of entropy thus transferred, which is obtained through freezing the source component instantaneously, and comparing the entropy
increases between the original system and the so modified system. The resulting transfer measure is consistent with our earlier 2D formalism
derived in Liang and Kleeman [X.S. Liang, R. Kleeman, Information transfer between dynamical system components, Phys. Rev. Lett. 95 (24)
(2005) 244101] using different methods; it also possesses a property of unidirectionalism which has been emphasized by Schreiber [T. Schreiber,
Measuring information transfer, Phys. Rev. Lett. 85 (2) (2000) 461-464]. We apply our formalism to a two-mode (four-dimensional) truncated
Burgers—Hopf system. No significant information exchange is identified between the four components, save for a transfer from the cosine direction
of mode 2 to the sine direction of mode 1. This transfer occurs continuously and at a nearly constant rate. The present work should serve as a

starting point for the development of a rigorous dynamics-free formalism for the information transfer of multivariate time series.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Information transfer is an important concept in communi-
cation, neuroscience, atmosphere—ocean science, among other
fields, and has been a subject of active research since two
decades ago. A brief review was given in the first part of this
study, Liang and Kleeman [7] or Part I for short. As mentioned
in there, many previous studies are based on mutual informa-
tion, which lacks a representation of transfer directionality or
causality between events, as emphasized by Schreiber [11]. To
solve the problem, we developed in Part I a rigorous formalism
with causality naturally embedded. It has been tested with the
benchmark baker transformation and Hénon map, and the re-
sulting information transfers are just as one may expect through
intuitive physical reasoning.

In reality, many dynamical systems are continuous. One
may find all kinds of examples in different disciplines (e.g.,
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atmosphere—ocean science). This paper extends the discrete for-
malism of Part I to continuous dynamical systems. It should
be pointed out that we already have such a formalism for two-
dimensional (2D) flows [6]. However, as we will see, the 2D
formalism, and moreover, the strategy for the 2D formalism,
does not work for flows of dimensionality greater than 2. In this
sense, this study is a generalization, but not a simple general-
ization, of what we have done in [6].

We first summarize the 2D formalism established in [6],
then propose the strategy for this study (Section 2). A map
& is built through discretizing the flow under consideration to
make contact with the discrete formalism in Part I (Section 3).
Properties of @ are explored and the evolution of marginal
entropy derived (Section 4). The central part of this study
is Section 5, where the entropy increase of one component
under ¢ with another component fixed as a parameter is
formulated. The information transfer, which is measured by the
rate of entropy transfer, is obtained by taking limits (Section 6).
In Section 7, we show that this formalism satisfies the
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unidirectionalism requirement, and verifies the 2D formalism
obtained through a completely different avenue. Following this
(Section 8), we investigate how information flows among the
components of an interesting application, namely the truncated
Burger—Hopf system. This study is concluded in Section 9.

2. The problem

Consider a generic n-dimensional autonomous system!:

dx;

E=F1(xl,xz,...,xn), (D)
dﬁ:Fz(xl,xL...,xn), (2)
dr

d;” = Fy(X1, X2, ..., ), 3)
or in a vectorial form,

dx

Frl E(x). )
Let {X; ¢} be a stochastic process, where X = (X1, X3, ..., Xp)
€ (2 are the random variables corresponding to (x1, x2, . .., X),
and {2 is the sample space; let p = p(x1, x2, ..., Xx,) be the

joint probability density of X. As in Part I, we assume that (2 is
equal to a Cartesian product of {21, {2, ..., and (2, the sample
spaces of X1, X», ..., and X,,, respectively, and write

.anEQjXQj+1X~-~X.Qn, j=1,2,...,n—1 (5)

throughout for notational convenience. Further assume that
o vanishes at the boundaries of (2, i.e., the extreme events
have a measure of zero in the probability space. In [6],
these assumptions have been justified for most real problems.
More generic formalisms can be established, but the result is
fundamentally the same except for some extra terms related to
boundary fluxes. We will leave that to future work.

Without loss of generality, consider the information transfer
from component X, to component X1. As we did in [6], we first
find the evolution law for the marginal entropy H; of X:

Hi=H0) == [ pitogedn, ©)
2

where o1 = pi1(x1) = ‘/:QZn o(x1,x2, ..., x)dxy .. .dx, is
the marginal probability density of X, then select out the
transfer among many mechanisms that govern the evolution.
Usually these mechanisms are intertwined. When the system
is of dimension 2, however, they can be naturally decomposed
into a transfer from X, 7>_, 1, plus the evolution of X on its

own, %. Here the key is to find dd%*. In [6], we have obtained
dHl* dF
=E(—). (7N
dt 0x1

1 Autonomy is not essential, as we will see in the derivations below. We
deal with autonomous systems in this paper in order to make the notation more
concise and readable.

It thus follows that

T :dﬂ_E 9k (8)
==y ax )

As in the discrete case of Part I, this strategy does not apply
when n > 3; otherwise the transfer thus obtained would be the
transfer to X | from all other components. But on the other hand,

the above d(% may be equally understood as the evolution of
H with the influence from X; excluded, namely, the time rate
of change of H; with x, frozen at time ¢. In this spirit, we may
then partition the mechanisms governing the evolution of Hj
into two disjoint subsets: one is the transfer from X, another
one the evolution without influence from X, which we will
hereafter denote as %. Such a partitioning of course causes
no restraints on the dimensionality of the system. The transfer

. . dHyy .
is then the difference between % and le, i.e.,
dH; dHpy
1= —-—. 9
- dr dr 2
Since dd% is easy to obtain given the dynamics, the key to the
. . dH .
formalism is finding le‘ Based on the forego;rfllg argument,
entropy transfer is an instantaneous event, and le measures

the rate of change of H; under an dynamical system modified

instantaneously at time #. Mathematically this may be written

as

dHp — lim Hip(t + Ar) — Hy (1)
dt~ A>0 At

k]

where Hiz(r + At) obeys an evolution law invoked at time
t, which is different from that H;(¢#) obeys. This makes it
impossible to derive df_{lz from some known equations, such
as the Liouville equation, where the dynamics is consistent
throughout. We have to go back to the definition of derivatives
and do the derivation.

We therefore approach the problem by studying how entropy
is increased from time ¢ to time ¢ + At, and then we take the
limit Ar — 0. That is to say, we are going to utilize what we
have established with discrete processes in Part I to establish
the formalism. This is fulfilled in Sections 3-6.

3. Mapping &

To allow application of the discrete formalism in Part I, we
need to construct out of Egs. (1)—(3) an n-dimensional discrete
system, which steers x(f) = (xq, X2, ..., X,) to X(t + Af). In
order to avoid confusion in later derivations, we will hereafter
write X(t + At) asy = (y1,¥2, ..., Yn). Discretization of
(1)—~(3) givesamap

vy =x1 + At - Fi1(x),

Y2 = x2 + At - Fr(%),

P (10)

Yn =Xy + Al - Fr(X),

which is an approximation of (1)—(3) up to the first order of the
time step At. For later use, we denote the components of @ as

¢=(@1’¢25"-7@n)' (11)
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Because of its special form, & has some interesting
properties. First, it is always invertible as At goes to zero; so
are its components. In fact, the inverse is

X1 =y — At Fi(y) + O(Ar),

x2 = y2 — At - Fa(y) + O(Ar?),
o - (12)

Xp =y — At Fy(y) + O(AF).

As we are primarily interested in the limiting case when At —
0, the symbol O(Ar?) may be omitted in future derivations.

The second interesting property we can learn from @ is
about its Jacobian J. By (10),

Fo(vi, vo, ...,
7 — det 1. 2 yn)}
_a(xlvx2’ "'7x}’l)
r 0F dF oF A
14+ At— At— At
0x1 0x) 0xy,
0F, 0F, o,
At—— 1+At—= - At
= det X1 0x7 0xy,
IF, F, ' OF
At—2 At—2 s 14+ A2
L 0x1 0x dxp
d0F;
= ]‘[ <1 + At—’) + 0(Ar?)
i 8x,~
" JF;
=1+AtY — +0(AP). 13
; o T OB (13)

Following the same procedure, the inverse of J can also be
obtained:

J :1—AIZ§+O(At ). (14)
i=1 l

Note that in the derivation, we have interchanged the arguments
of F freely between x and y. The resulting error is in the higher
order terms. -

The third useful property of & is that its associated
Frobenius—Perron operator P (F-P operator hereafter) can be
explicitly evaluated. By definition, P is an operator driving the
probability density function p from ¢ to ¢ + At, such that

/ Pp(x)dx = / p(®) dx. (15)
19} P 1(w)

for any subset of {2, w. As established above, @ is invertible.
This yields

PoOi- oy = p (7 01 ) 107

= p(x1, %2, ..., x)J 7, (16)

where J~! is the inverse of the Jacobian given by (14) [5].

We have shown in [6] that, in the 2D case, invertibility of @
implies that the increase in entropy for the system is given by a
simple form AH = E log|J|. This is also true for a system with

many dimensions. In this context, the entropy at time ¢ + Af is

H(t + Ar)

- /Q Pp(y) log Pp(y) dy

—/ Py — At F(y) 117
7

log [ p(y — At Fy) - 177]] dy.
Make a change of variable:

x=y—Ar-Ey) = o (y.

and notice the invariance of {2 upon transformation. The above
equation becomes

H(+ Ar) = —/ p @171 10g (o)1 1) - 171 dx
2

= H()+ Elog|J|. (17
So
AH =H(t+ At) — H(t) = Elog|J|. (18)
Let At — 0,
dH AH Elog|J|

— = lim — =
der Ar—0 At

1 IF; >
= E lim — 1 1+ At — + O (At
AtIEO At Og( + Xl: ax; + 0 )>

=E<Z§—Z>

1

At—0 At

or

d—H—E(V F) 19)
e =

This is the result we have obtained in [6], via a different
approach.

4. Time change of H;

We now compute the Shannon entropy for X at time ¢ + At.
Given p at time ¢, it is

Hi(t + Af) = — /Q PG - logPp)i ) dyr,  (20)
1
where

Pp)1(31) =/Q Poi,y2,---»yn)dyz...dy,
2n

= /Q p(y1 — At Fi(y), y2 — At Fa(Y), ..., ¥n
2n

— At Fy ()17 dy2 ... dyn

is the marginal distribution at time ¢ + Az. Make the variable
transformation x; = y; — At Fj(y), fori = 2,...,n. The
marginal distribution then becomes

Pp)r(y) =/ p(y1 — At Fi(y), x2, ..., Xp)

QZn

AT ) Janldxs . dxg. (1)
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Here we use J, to signify the determinant of the Jacobian

[am,ys,...,yn)

8(x2’x3’___’xn)]. It is evaluated as

o 0, 0F> 0F A
14+ At—= At—= At
ax2 dx3 dxp
dF3 dF3 d0F3
At—— 14+At— - At
Jon = det dx7 d9x3 Xy
JF, JF, . 9F,
Ar—2 At—2 e 14+ A2
L dx2 dx3 dxp -
" OF;
=1+ AtZ—' + 0(A), (22)
= 0%
which gives
" OF;
J Nl =1+ —
|77 [ ( - ;ax)
(1—=AtV-F)+0(At?
0F] 2
=1—At— + O(A1?). (23)
dx1
Recall that J; ' =1 — At3EL + 0(Ar?). So
—1 _ —1 2
[J7 - [ onl = I |+ O(AL),
and hence
Ponen = [ o1 =81 P
2n
x [J7 dxz . . . . (24)

This integral is still difficult to evaluate, as Fi(y) is in general
a function of all the components of y (and hence xa, ..., Xn),
which makes the integration with respect to the second through
the nth variables intertwined with the first argument of p. We

solve this problem by expanding p(y; — At Fj (X)’ X2, ...y Xy)
around (y1, X2, ..., Xp):
p(y1 — At Fi(y), x2, ..., Xp)
9oy, X2, ..., Xn)
:p(ylaXZﬂ"'axn)_At ‘ FI(Y)
a1 =
+ 0(Ar?)
dp
=p1, x2, ..y Xn) — At —F1(y1, X2, ..., Xn)
ay1
+ O(A1?). (25)

Here we have used the fact that Fi(yi,y2,...yn) =
Fi(y1, x2, ...xp) + O(At). In the last equation, both p and F;
are functions of (y1, x2, ..., x,). So Eq. (24) becomes

(Pp)1(3)

ap
=/ |:,0(y1,xz,...,x,,)—At—Fl(yl,xz,...,xn):|
o ayi

dF
X [1— At— ) dxpdxs...dx,
i

JdF ap
= p1(y1) — At /Q <p— + —Fl) dxy...dx,
2n

dyr N
+ 0(Ar?)
pF
=p1(y1)—At/ P 4xs . . dxy + O(AP), (26)
[ AY
and hence

log(Pp)1(y1) = log p1(y1)
dap Fy

v f !
2, P1(Y1) Oy1
+ 0(AF). (27)

..dx,

These can be substituted into Eq. (20) to yield the entropy for
component X:

dIpFy
Hi(t+ At) = — p1(y1) — At dxz...dx,
Ql an 3}’1

1 dpF
x (log p1(y1) — At dxz...dx, ) dy
2, P1(V1) 91

+ 0(Ar?)

opFy
= Hi(t) + At | logpi(y1)——dyidxz...dx,
Q ay1

+ At ——dyidxy ...dx, + O(At7). (28)
Q oy

Now y is a dummy variable in the integrand. We may write it
as x1 to simplify the notation. So

dH, . Hi(t+ At) — Hi (1)
— = lim

dr Ar—0 At
o F
=/<1+logm> PR gy (29)
0 0x1

Using the zero-probability assumption at the boundaries, this is
also

dH; dp Fq
- = 1 dx. 30
= /Qogm o d (30)

5. Time change of H; with x, as a parameter

The key to the formalism of information transfer is to find
the entropy increase in direction 1 from ¢ to t + Af under ¢
with x, frozen instantaneously at time ¢, given Xi(¢). Denote
the entropy thus obtained at t + At as Hiy. As in Part I, here we
use the symbol V to signify that component j is frozen, or that
component j is excluded from a set of n independent variables.
For example,

pg:p\g(xl,m,...,xn):/!? p(x1, x2,x3,...,x,)dxp, (31)
2

e = pye(x3, ..., Xy)
= / p(x1, X2, x3, ..., Xp)dxdxs. (32)
Q]X.Qz

This convention will be used throughout the paper without
further clarification.
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Based on the foregoing argument, the marginal entropy for
the first component evolved from H; with contribution from X»
excluded since time ¢ is

Hig(t + An = — /Q Pong(n) - logPo)z(y)

',O(x2|.x1, X3, 0eey xn) . ,03...n(x3, ey -xn)
x dyydxodxs . .. dx,, (33)

where y; = x; + At Fi(x). In this equation, (Pp)i(y1)
represents the marginal density of X at time ¢ + At, as the
density evolves from pp at time ¢ to time ¢ + At under the
transformation

v =x1 + At - Fi(x)
v3 = x3 + Af - F3(X)
. ) , (34)

Yn =Xy + AL - F(X)

i.e., the map @ in (10) with x, frozen instantaneously at ¢ as a
parameter. As ¢ and its components are invertible, Py is also
invertible, and its inverse is the same as ! in (12) except that
now x» is a parameter. By (16),

(Po)p(y1)

Z/Q ,Og(yl—AtFl,y3—AtF3,...,yn—AtFn)
3n

X |J2_1|dy3 ...dy,
= /Q pr(yg — At Fp)lJg Hdys ... dya, 35)
3n

where Fy = (F1, F3, ..
(y17x27 )’3, ce ey )’n)7 and

Jg_l _ detl:a(xl,x;;,...,xn):|
3()’1’ y37 ,)’n)

OF;
= 1_AIZ—’+0(At2). (36)
22 3)6,‘

., F;) is understood as functions of

Make the change of variables, x; = y; — At - Fi(y1, x2,
¥3,...,¥n), fori = 3,4, ..., n. The Jacobian associated with
this transformation is

(3, Vay .- s
det[ (3, y4 yn)}

Jr, =
o 33, X202 Xn)

1 O 2
+At2§+0(At ), (37)
i=3

1

which gives
1 dF 2
|J2 |- |J3n] =1 — At— + O(Ar9). (38)
dx1
With these substituted (35) becomes

pe(y1 — At F1,x3, ..., Xx,)

3n

Pong(y1) = /

-|ng| N Japldxs . . dxy

:/ pg(yl_AtFl9x37"'sxn)
23,

oF
. (1 - Ata—l) dxz...dx, + O(Ar?)

X1
oy OF)
= y X3y e, — At—F 1 — At—
|:,02()’1 X3 Xn) o 1}( 3 )

X1
x dxs...dx, + O(AL?)

0F;
= p1(y1) — At - — (Y1, X3, ..., Xp)
5, axl
3oe(y1, X3 - -
+ p 20 ;3 xn)j|dx3...dx,, +OAD).  (39)
V1

Since x1 and y; are interchangeable up to an order of A¢, the
two terms in the bracket can be combined, with the residual
going to the higher order terms. That is to say,

dF oy

(Pp)g(y1) = p1(y1) — At / dxz...dx,
Q3n Vi
+O0(AP). (40)
Hence
log(Pp)ig(y1) = log p1(y1)
1 OF,
—At-/ 2 dxs .. dxy + O(ALD). 41)
25, P11 N

So far we have evaluated the two parts of Hiz(# + Atf) in
(33), (Pp)iz(y1) and log(Pp)iz(y1). The evaluation is around
(y1, X3, X4, ... x). In (33), there is another term p(x3 |
X1,X3,...,X,) which is the probability of x, at time ¢
conditioned on (x1, x3, ..., X,). Notice that the first component
on which it is conditioned is xi, i.e., a state of X at time ¢.
We need to make it around yi, a state of X at time ¢t + At to
facilitate the integration;

P (x)
Ioz(xlv X3y, xn)

p(le'xl’x31"'7xn):

p(y17x2’x35 ""xn) - Ata_pFl

dy 2
= o + O(At”)
pz(yla-x3a s 7-xn) - B_ylFlAt
1 ap
= oY1, X2, X3, ..., xp) — At—F)
,02()’1,)535'-~7xn) ayl
1 0
x [1 + ﬂFlAt} +0(A?)
oo (y1, X3, ..., Xy) OY1
=10(x2|y]5~x37"'5~xn)+p(x2|ylax3""7xn)
dlo 10
IO A — — 2P A+ oA, 42)
a1 PR Oy1

Substituting (40)—(42) into (33), we get

Hl‘z(f+Af)=—/Q{p1(y1)—At
dF1p
X/Q 2(}’1,163,...,)Cn)dx3...d)cn}
3n

a1
d)C3 .. dxn }

1 J0F;
: {10g,01(y1) — At / o
2, P1(Y1) Oy1
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'{p(xz|)’1,x3w~~,xn)+/0(x2|Yva3,~'-vxn)

-Fi1At — ——F| At
i PR Oy

L xp)dyrdxs ... dx, + O(AF?)

d log py 1 9p }

',O(x3a~x49"
= —/ p1(x1) log p1(x1)
2

x p(x2|x1, X3, ..., Xp) 3.0 (X3, ..., Xp) dX

8F],02
+ At - log p1(x1) dxs...dx,
? Q}n 8)C1

P(x2 | x17x3a e 7xn)p3...n(x3» .. ~1xn) dg
dF 1
+At-/ pl(xl)(/ 1£% dxg...dx,,)
Q 2, 0x1 p1(x1)
,0()(2 | xlvx37 e 7xn),03‘..n(x3’ .. -,xn) dK

— At - /Qm(xl)logm(m) “Fy-p( | X1, %3, ..., %)

dlog p
: 2:03...n(x3’ ceey Xp) dX
3)61
1 dp
+Ar- | pi(x)logpi(xy) - F1 - ——
Q pp 9x]
X 3.0 (X35 .., %) dX + O(AL?)

= (1) + (D) + (1) + (IV) + (V) + O(Ar?).

From step 1 to step 2, we have replaced y; by x; (and the
dependency of Fj and p on y; becomes on x1). This is legal as
in this definite integration, y; is now a dummy variable. Notice
that

P(x17x2,~~7xn) IO
ol | x1,x3,...,x) = ———— T = —,
P(X1, X3, ..., X)) Py
P3.n(X3, .., Xn) = pyp = / p(x) dx1dxs. (43)
21 x 8

Also notice that [, %p\lgdxg...dxn represents a kind

of conditional density: When (X, X;) are independent of
(X3, ..., Xp), it is just the density of X» conditioned on X;.
For this reason we write

/Q ﬁp\l&!d% o dxy = Og1(x1, x2), (44)
3n

signifying a generalized conditional density of X» on X;. Eqgs.
(43) and (44) allow for a simplification of the above five terms

DH-V):

@

—/ p1(x1) log p1(x1)

2

0
X (/ —p\lngQd)C3...dxn) dxl
QZn ’02

_/9 p1(x1)log p1(x1) - 1dxy
1

= Hi(1); (45)

I

0F1py
At log p1(x1) dxz...dx,
21 x4 3, a.X]

X (f ﬁpqu)@...dxn) dxldxz
Q}n pg

0 F
5 i 01 (x1, x2) dx; (46)
x1

OF
() = At/ (/ de...dxn)
2xH \J, 0x1

X (/ L Py dxs. ..dx,,) dxdx;
Q_’m pg

At / log p1(x1)
0

oF
= At / TR 0y (a1, x0) dx; @7)
Q 0x;
dlog p p
V) ==at [ pilogp, LRl 69)

1 dp
V) = At Qm logm'Flp——pde

p 0x1
At/ 1 Fr ot P o d
= prlogpy - £ —-—— X
Q p 9x1 py 1
dlogp p
= Ar | pilogpr- Fi —pyp dx. (49)
Q g

Combination of (II) and (IIT), and (IV) and (V), gives

d0F1pp
(I + dI) = At | (1+1logpy) - ———— - Oy dx,
19 dx;
0 o
3X1 ,02

d(p/pe)

V) +(V) = Al/gﬂllogpl'Fl'

Jo
- —Pw) dx
(5
= AI/ p1logpy - Fy -
7

So
dHy m Hip(t + Ar) — Hi (1)
dr Ar—0 At
o (ID 4+ dD + dV) + (V)
lim
At—0 At

JF
/ (1 +logpry) - kit Le 3 61 dx
0 0x|

Ip/pry)
0x1

+ /Qm log p1 - Fy - oYy dX. (50)

6. Entropy transfer

According to what we established in Section 2, the rate of
entropy transfer from X, to X is obtained by subtracting (50)
from (29). That is to say,

d(F1p)  9(Fipp)
Ty =/<1+logm>- 1) A g, ) d
Q ax1 axq
L
(%
—/ p1logpy - Fy - - pyp dx. (51)
0 0x1
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Using the zero-boundary-probability assumption, this may be
further simplified. Integrating by parts, and noticing that pyp
does not depend on x1, we can change the second integral to

d(F1p1log p1)

0
| (Lpp) ELLOEPY 4
/(z <92m2> 0xy -

The transfer therefore becomes

I(F1p) 9(Fipp)
T =/(1+10gp1) e L - Oy | dx
N 0x1 0x1
d(F1p;1lo
+/ M'Qzud& (52)
0 0x1
where
0
O = 01 (X1, X2, X3, ..., Xp) = p—zp\m, (53)

and 6, f s, 021(X)dx3...dx, reminds one of the
conditional density of X, on Xj.

The above transfer measure, between X; and X5, can be
easily extended to that between any two components. Replacing

1 by i and 2 by j in (51), it follows the entropy transfer from

X'tOXl'
A(Fip)  I(Fipy
]—>z /(1+10g l)( ( p) ( IOY)QJI> dx

x, 8)6,'

d(F; pi log p;
n / AFipilogp) o gy, (54)
2 0x;
Here
01 = 0,(%) = = pry (55)
j SN = o
and
Oji = Oji(xi, x;j) =/ 0j1i (X) l_[ dx, (56)
IT £ V#LL ]

V#LL

is the “generalized conditional density” of X ; on X;.
7. Properties for the entropy transfer rate

A 2D system is very special in that dz is just the change
of Hy when X evolves on its own. As detailed in [6], the

latter is simply E ( ) aresult which can be directly obtained

by integrating the L10uv1lle equation. Since we are dealing
with a system with arbitrarily many dimensions, we expect
our formalism (51) or (54) to verify this result. This forms
the following theorem, which corresponds to the Theorem 1 in
Part I.

X1

Theorem 1. When n = 2, dle =E (m)

Proof. Mathematically what makes a 2D system special is that,
when n = 2, pp = py, and 6,1 is just the conditional
distribution of X, given X, = = p(x2]x1). Eq. (50) thereby
can be greatly simplified:

dng

p1

/(1+10gp) Lo L ax
P1

9
+f pilogpy - Fy - —2—dx
dx1

o(F
:/ (1/01)ﬁd +/logp1
Q 0x1 p1 0

_[3(F1p1) (ﬁ) Jr(Flpl)Bp/,ol]dX
P1 ax

0x1

0 (F) Jo(F
:/ (1/01)£d +/ 0g p1 - (I'O)dg
Q 0x1 p1 0x1
oF b
=/ (p—1+F p‘-—>dg+o
o\ 9x] ox1  p1
a(l
0 ax1
0 F
= dx
/p<3xl) *

L (0F
()

One important property that 7;_,; should have is asymmetry,
as emphasized by Schreiber [11] and later by us in the context
of a 2D dynamical system [6]. For a system of arbitrary
dimensionality, this is also true, as we hereafter establish.

Theorem 2. If F; is independent of xj, then T;_.; = 0.

Proof. Without loss of generality, we need only consider the
case wheni = 1 and j = 2.
If Fj is independent of x;,

/(1+1 ( p)_

a(F) [ pdx
=/ (1+10gp1)owdx1dx3...dxn
21 x 823, 8x1
(F
=/ (I +1ogpp) - P G des . dxe, (58)
Q]XQ3,1 8)61
and
d(F1pg)
/Q<1+logp1> ) o, dx
d(F1pp)
=[ (1+1logpy) - — 2% (/ 92|1dX2)
Q1 x ax] 2

X dxldX3 . .dxn

d
=/ (1 +logpr) -
QIXQ3)L

since f 6,1 dx = 1. These two are equal, so the first integral
on the right hand side of (51) vanishes. For the second integral
in (51), the independence of Fj of xp implies that p in the
derivative is the only variable depending on x», and hence
can be integrated out with respect to x». But |, 0 pdx; =
Py, which makes the derivative function a constant 1. So the
second integral in (51) also vanishes. Therefore, when Fj is
independent of xp, 7.1 =0. O

F
( ;pﬁ) dxydxs . .. dx,, (59)

8. Application

We now apply the above formalism to study how information
is exchanged within a dynamical system, namely the truncated
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Fig. 1. The trajectory of (64)—(67) from ¢t = 2 to t = 20 with step size At = 0.01 and initial condition x| = xp = x3 = x4 = 40. Shown in (a) is a 3D plot for x1,
x7, and x3, and in (b) and (c) are projections on the planes of x1—x; and x3—x4, respectively. The trajectory before ¢ = 2 lies outside the domain and is not displayed.

Burgers—Hopf system (TBS). This is a Galerkin truncation of
the inviscid Burgers or Hopf equation:

ou au 0 60
ar Mo T (00)
It was first introduced by Majda and Timofeyev [8] to
test their systematic stochastic mode reduction strategies for
the large eddy simulation of climate processes (see [10]).
In contrast to its shock and soliton counterparts, which
are completely integrable, the TBS is intrinsically chaotic.
Remarkable statistical behaviors have been discovered by
Majda and Timofeyev [8,9] and Abramov et al. [1].

To form the TBS, let Py (N some positive integer) be an
operator such that, for u = u(x, t),

Pyu= )" ig(t)e™, (61)
[k|<N
where iy is the Fourier transform of u, and &, = iy, the
conjugate of iig. The Galerkin truncation of (60) is
P opP
N 4 Py <PNu N”):o. 62)
dt ox
This yields, thanks to the orthogonality of the Fourier basis,
di ik
el Rl @i, 63)
dr 2 k+p+g=0

Ipllql=2

Obviously ug is a constant. This trivial mode is generally
neglected by setting ity = 0. In this study, we only consider two
modes, |k| = 1 and |k| = 2. Let ii; = x1 + ixo, Uy = x3 + ix4.
Eq. (63) gives an autonomous system of dimensionality 4:

% = X1X4 — X3X2 (64)
‘% S 65)
dd% =2x1x2, (66)
o 67

Egs. (64)—(67) are solved using the second-order Runge—
Kutta method, with a step size At = 0.01. We find that the
precision is enough for our purpose while the computation is
not too expensive. Fig. 1 shows the trajectory of an example
thus computed. This scheme is applied to perform an ensemble
prediction for the joint density of X, p(x). p is defined on R*,
but for practicality the computational domain is limited to

g =[—d,d] x[—d,d] x [—d,d] x [—d, d],

with d = 30. As pointed out by Majda and Timofeyev [8],
there exists an invariant low dimensional attractor for the
TBS system. Our computation with (64)—(67) shows that the
attractor lies within (25 as set above. As an example, Fig. 1 is
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10 -
5 H| H2 H3 H‘1 ,
0 . .

2 3 4 5 6 7 8 9 10

Fig. 2. Time evolution of the joint entropy (H) and the marginal entropies
(Hy, Hy, H3, Hy). The initial distribution has a parametric combination of
e =902 =9k=1,2234.

generated with an initial condition outside {2, but the trajectory
enters entirely into (2; in less than 200 time steps (f < 2).

We partition the domain {2; uniformly into 30 x 30 x 30 x 30
bins, with a spacing of 2 in each dimension. An ensemble of
initial condition of size 40* is first generated, through drawing
randomly according to a preset distribution pp(X). We adopt an
ensemble size of 40* instead of 30* to ensure more than one
draw per bin on average. Suppose X is initially distributed as a
Gaussian N (E’ Y), with a mean 1 and a covariance matrix X:

i of 0 0 0
2
2 0 o5 0 O
= s Z:
= M3 = 0 0 032 0
14 0 0 0 of

The parameters 1 and okz (k = 1,2,3,4) may be tuned to
cater for different experiments. Using these initial conditions,
Egs. (64)—(67) are integrated forward. At every time step
we obtain an ensemble of X, and therefrom a four-variable
joint distribution p(x) through bin counting. This p describes
the statistical behavior of the system and allows for the
computation of all the statistical properties that we are
interested in.

First take a look at the time evolution of the joint entropy
H, and the entropies of the individual components, Hy, k =
1,2, 3, 4. Plotted in Fig. 2 are the series with yuy = 9 and crk2 =
9,k =1, 2, 3, 4. Clearly, the four marginal entropies are almost
the same, and the joint entropy is invariant with time. The latter
is consistent with the Liouville property as was pointed out
by Majda and Timofeyev [8]. In fact, the flow of (64)—(67) is
incompressible, yielding a zero joint entropy increase by (19).
Our numerical computation is accurate enough to reproduce
this result.

Next look at the transfers. There are twelve series to
compute:

Tjo1, =234
Tjno =134
Tjos, j=124
Tjoa, =123,

among which it is easily shown that
T34 =T453=0.

In fact, the third and fourth components of the system
(649)~(67), F3 = 2xix» and F4 = —x? + x3, are both

10 T T T T
T2H| (red), Taa‘ (blue), Tdm (black)
0 A AT Sl byt e acieefAnia APt
—10 1 | |
10 ‘ T :
0
T1H2 (red), T'H2 (black)
-10 . . . . .
10 T

TH3 (red), and T27)a (blue), T‘HS (black)

0] L s

-10 ) . ! 1 .
191 T' (red), rand'r ('blue) T, ‘ (black) '
1-4 s 24 ' 34
O e - pmsntegt et hggrant, "
=10 3 4 5 6 7 8 9 10
time

Fig. 3. Information transfer between different pairs of components. The series
prior to t+ = 2 are not shown because some trajectories are still outside the
computational domain by that time.

independent of x3 and x4, implying a zero transfer in either
direction between X3 and X4 by Theorem 2. Our computation
produces precisely this analytical result (within the machine
accuracy), in every test we have tried.

The other transfers have only numerical solutions. Remark-
ably, all of them except T3_,; are virtually nil, whatever p; and
ak2 are used. Fig. 3 plots the result of one experiment (parame-
ters the same as those for Fig. 2). No significant transfers can be
identified except for the one already identified, although some
small scale oscillations do still exist.

The only nonzero transfer is the transfer from X3 to Xo,
T;_,7. It generally depends on the shape of pg(x) or how the
X are initially distributed. When pp(x) is symmetric about
the origin, it also goes to zero; but when u deviates even
by a quite small amount from the origin, it appears distinctly
different from zero. Moreover, it evolves linearly with time
(actually almost steady). Although the magnitude may vary
with different u, the trend stays invariant.

A further examination of the equations of the system
(64)—(67) may help better understand the constant transfer out
of the highly variable trajectories. In this case, all the marginal
entropies are invariant (cf. Fig. 2). So, according to (9), the
information transfer from X3 to X3 is

dHas
dr

For illustrative purposes, suppose the system contains only two
components X3 and X;; by Theorem 1, the above transfer is

@> = FE(x4). Of course, the system is

T30 =—

axp

actually four dimensional, and there is no such simple analytical
expression for T3_,7, but this offers us a clue that the transfer is
somehow related to the mean of the trajectories, which could be
invariant even though the individuals in the ensemble are highly
variable. Indeed, the ensemble mean of the trajectories almost
converges to a point in the phase space soon after entering the
invariant attractor (figure not shown).

then simply —F (
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Physically what is happening is that a fine component is
causing an increase in uncertainty in a coarse component but
not conversely. This is a good illustration of transfer asymmetry
or unidirectionalism. Such a situation is conceptually what
occurs in a dynamical system when one replaces fine grained
components by stochastic forcing since there the coarse grain
elements of the system have their uncertainty increased by the
stochastic forcing which is intended to represent the neglected
fine scales. Note that in an additive stochastic forcing model the
forcing is unaffected by the retained coarse grain elements just
as is occurring here. These considerations would suggest that
perhaps the TBM might be well approximated by a stochastic
model, something which certainly appears to be the case
(I. Timofeyeyv, private communication).

9. Discussion and conclusions

A rigorous formalism of information transfer was estab-
lished for continuous dynamical systems of arbitrary dimen-
sionality. The resulting measure (54) possesses the property of
asymmetry or causality, and is consistent with our previous 2D
formalism which was obtained by different methods.

We have applied the formalism to the study of the
information exchange among the components of a two-
mode truncated Burgers—Hopf system. We found there that
information transfer only exists from the second mode to the
first mode, and specifically, from the cosine part of the second
mode to the sine part of the first mode. An observation is: the
transfer rate stays (almost) invariant with time.

The above remarkable result motivates one to think more
about the significance of the notion of information transfer.
We know by Theorem 2 that if the evolution of one variable
X1 is independent of another one, say X», then there is no
information transfer from X, to Xy, ie., T»—.; = 0. One
may naturally ask whether the converse is also true. By the
above result it is obviously not: All the transfers except one
are virtually zero but the variables in the system (64)—(67)
are mostly interdependent. But what if in the above question
we change “dependence” to “decouplability”, and ask whether
the variables can be decoupled if the transfer at least in one
direction is zero? In other words, we want to know whether
the following is true: If 71, = O or 1,1 = 0, X; and X»
are decouplable; if neither transfer is zero then the two cannot
be decoupled. So far we have no idea about the correctness of
the hypothesis, but the result of the example system (64)—(67)
seems to support it: The truncated system (64)—(67) is indeed
integrable [8]. We will leave the resolution of this subtle issue
to future work.

Our formalism has been constructed in a general dynamical
setting, and real applications can be performed in a
straightforward way. However, it should be pointed out that
the transfer measure (54) requires knowledge of the flow

(the vector F in the governing Eqgs. (1)—(3)) and the density
distribution simultaneously. While this is the case in many
physical problems (for example weather prediction), a large
number of problems are characterized by observational data,
without a priori knowledge of dynamics. In order for this to
be studied we require a dynamics-free formulation which is
currently in development and will be applied to the problem
of multivariate time series analysis.

Another issue is that, in deriving (54), we have adopted
Shannon’s definition of entropy as the starting point. Shannon
entropy has been widely used but in many contexts its utility
is limited because it does not possess some properties desirable
for a good physical measure such as invariance under nonlinear
transformation. On the other hand relative entropy has this
property (and others of interest) and is consequently often more
useful (see, e.g., [2-4]). We are therefore currently extending
our formalism to this functional.
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